Lower and upper bounds for the smallest positive eigenvalue of the Laplacean on a parallelizable Riemannian manifold are combined to obtain an explicit lower bound for the torsion of global orthonormal frame fields in terms of the diameter of the metric.
Introduction and results
Consider a compact, connected «-dimensional Riemannian manifold M with metric tensor g . We assume that the tangent bundle TM is trivial. Then there exist parallelizations co: TM -* Rn mapping g into the euclidean metric on R". Such oe will be called orthonormal. Equivalently, the vector fields Ei defined by co(E¡) = e¡ -ith standard basis vector of R" form an orthonormal frame field on M.
The torsion T of co is defined by T(X ,Y) = co~l(da>(X,Y)) for vector fields X and Y on M.
T is the torsion tensor of the flat connection D on TM defined by DE¡ = 0. It is well known that a compact Riemannian manifold admits a torsion-free orthonormal parallelization if and only if it is isometric to a flat torus.
In this note we study the relation between isometric invariants of a Riemannian manifold and the torsion of its orthonormal frame fields. Specifically, let k denote the maximum norm of T, i.e., K = ma\{\\T(X,Y)\\ : X,Y e TxM, \\X\\ = \\Y\\ = \,xeM).
The smallest positive eigenvalue of the Laplace operator of (M, g) on functions is denoted by Xx . parallelizations on M such that k /Xx converges to zero as v -► oo. For gv one can use the almost flat metrics constructed by Gromov and for cûv MaurerCartan forms (see [2] is the diameter of (M ,g).
The existence of some positive e -e(n) such that Kd > s also follows from [1] . Proof. We compute, using the summation convention.
The first sum is equal to (p + l)||Z)a||2. The absolute values of the third and fourth sums are bounded above by (p + 1)« k \\a\\2 \\Da\\2 and by (p + \)n k \\a\\2, respectively. We apply Lemma 1 and the fact that ôa = 0 to obtain an upper bound 6(p + \)n k \\a\\2 \\Da\\2 for the absolute value of the second sum: By 
